Supply chain design problems can be analyzed as cooperative linear production games. The maximal total payoff and the optimal coalition of a "market responsive" supply network can be obtained from the solution of the mixed-variables Linear Programming problem. Then, using duality theory, the "Owen set" can be constructed in order to allocate the payoff among the members of the optimal coalition. However, it is shown that for a classical aggregate planning model, such an allocation scheme may be unfair and its stability critical. The main reason for this defect is in the poor representation of capacitated resources through bounds on workloads. It is shown that a better payoff allocation mechanism can be computed by introducing some clearing functions in the model.
INTRODUCTION
The concept of a supply chain concentrates some major features of business organization in today's Society. Typically, it represents a network of autonomous production units connected through a communication network carrying manufacturing proposals, products orders and delivery protocols.
Classically, three main stages can be distinguished in the study of a supply chain:
• the design stage, in which products and partners are selected to maximize the potential economic efficiency of the coalition of suppliers, producers and retailers, through professional complementarities and business synergy, • the negotiation stage, in which partners elaborate contracts defining their commitments and terms of trade • the operational stage which organizes in real-time the coordination and control of product flows and manufacturing tasks. These stages differ by their decisional level: strategic, tactic and operational, with their associated time scales, as in classical hierarchical production planning systems (Bitran and Hax, 1977) . However, the distributed and hierarchical nature of supply chains modifies the type of models to be used at each stage. Also, decisions taken at upper decisional levels (respectively strategic, tactic) can only serve as frameworks and guidelines for lower decisional levels (respectively tactic, operational).
In the design and negotiation stages, complexity proceeds from two main reasons:
• existence of many possible enterprise coalitions and distribution patterns for tasks and rewards,
• association of partners with different and often conflicting objectives. Such characteristics are of major concern in game theory, under the classical decomposition into cooperative (or coalitional) and non-cooperative games.
In the light of cooperative game theory, a supply chain can be modelled as a coalition of partners pooling their resources and sharing the same utility function (profit). In this framework, utilities are transferable and the supply chain construction can be analysed as a TU (Transferable Utility)-game. Such a model may not be fully realistic in the sense that it does not capture subjective preferences and autonomy of supply chain partners. However, it can be seen as a valuable limit model to determine the maximal value of the chain and the shares of the global profit objectively acceptable by all the partners. In practice, such shares could then be negotiated and implemented through contracts. The works of Cachon and Netessine (2004) and Nagarajan and Sošić (2008) provide convincing interpretations of supply chain design problems as cooperative games. In this study, the problem of supply network optimal design is obtained from the solution of a linear production game (Shapley and Shubik 1972, Owen 1975) . A practical advantage of this model is that it evaluates and compares different possible coalitions and can be used as an argument in the supply chain design stage, to convince the partners to be part of the best possible coalition and to set up a joint venture.
Section 2 introduces some basic results on cooperative games. Section 3 models a supply chain design problem as a cooperative linear production game and proposes an optimal allocation scheme with an illustrative example. Section 4 proposes a model improvement to more finely reward production resources. Some practical conclusions are drawn in section 4. 2. SOME PRELIMINARIES ON TU-GAMES A TU cooperative (or coalitional) game in the sense of Von Neumann and Morgenstern (1944) can be characterized by:
The set ) (S P is the set of all the subsets of N . The value ) (S v is the maximal utility (or payoff) that can be obtained by the players of coalition S without any help from players that belong to N but not to
A TU-game is noted v) (N, . It raises two basic problems: • Assignment problem: determination of the endowments of the agents by distributing the global payoff among them. As in (Osborne and Rubinstein 1994) , an S-feasible payoff profile is defined as a vector
and a feasible payoff profile as a vector
An allocation rule should satisfy certain properties. Some particular sets have been defined to characterize efficiency and stability of coalitions. One of the most remarkable sets is the core of the game, as defined by Gillies (1959) .
Definition 1 Core
The core of a TU-game v) (N, is the set of feasible payoff
that satisfies the following proprieties:
An interesting index to characterize the value of a subset N ⊆ S is its marginal contribution, denoted ) (S ∆ and defined as follows:
Property 1
An allocation that lies in the core satisfies the marginal contribution principle:
The proof of this property is straightforward: a feasible payoff profile
Hence, the core consists of all allocations of ( ) v N among the players such that for each coalition it holds that its players together already get at least as much as they can guarantee themselves by splitting off.
From the individual viewpoint, {})
( i ∆ can be regarded as the maximal payoff that player i can expect to gain in the game in the sense that if this player claims more, then it is advantageous for the other players belonging to {} i \ N to exclude him from the grand coalition N and divide the value {})
Another index of interest is a coalition-marginal contribution defined as follows:
The most critical situation for a player in a coalition is when he is a null payoff player (NPP), defined as follows.
Definition 3 Null Payoff Player (NPP)

A NPP of a coalition S is a player
The following property derives from the definitions above.
Property 2
If coalition S has minimal cardinality and S i ∈ is an NPP, then {})
Clearly, the reverse condition,
The possible existence of an NPP in a coalition with minimal cardinality can be used to characterize unfair allocation rules.
It is important to note that conditions
may be jointly satisfied and that the fact for an allocation of belonging to the core does not imply fairness.
SUPPLY CHAIN DESIGN AS A STANDARD LINEAR
PRODUCTION GAME
Problem presentation
In many practical situations, a supply chain can be viewed as a multistage production system in which the different production stages are performed by different enterprises.
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Requirements planning models (Baker 1993) can then be used to define and distribute responsibilities and manufacturing orders among the partners. In this view, the product structure supports the enterprise network organization, especially under an extended view of the BOM (Bill of Materials), such as the G-BOM (Generic BOM, (Lamothe et al., 2005) ), integrating product families rather than simple products, to represent the context of mass customization. Additionally, multistage production by several producers highly differs from multistage production by a single producer because of the need for negotiation, contracts and higher coordination requirements. It also carries new possibilities in the design stage for selecting partners, sharing resources and rewards. These possibilities precisely constitute the main ingredients of linear production games (Shapley and Shubik 1972, Owen 1975) .
Consider a set of final products (or families of products)
. Typically, the gozinto graph describes the product structure and has no cycle. It can then be decomposed into levels : level 0 products are the g final products. Then, intermediate and primary products are numbered in the increasing order of their level. The level of product i, for i=g+1,...,n is the maximal number of stages to transform product i into a final product. Each production stage is supposed to have several input products but only one output product. The BOM technical matrix Π, is defined as follows: according to a given manufacturing recipe, production of one unit of product i requires the combination of components
that under a level-consistent ordering of products, matrix Π has a simple lower triangular structure (Hennet 2003) .
There are N enterprises who candidate to be part of the supply chain to be created. Each candidate enterprise is characterized by its production resources: manufacturing plants, machines, work teams, robots, pallets, storage areas.
be the matrix of the quantities of product i produced (or obtained by exchange) at firm k and T n y y y ) , , ( 1  = be the output vector during a reference period. The components of this matrix and vector are the variables of the design problem. For simplicity, quantities per period (or throughputs) are supposed continuous:
. The problem can be formulated in terms of the global throughput vector, denoted ω and related to matrix x through the elementary summation relation (6):
The output throughput vector can be computed from the global throughput vector by the following relation:
with I the n n × identity matrix. 
The purely competitive solution
Numerical resolution of problem (P) solves the global utility maximization problem presented in section 2.1.: it defines the maximal total payoff, v*, and an optimal output vector y*. It can be noted that in order to obtain an optimal coalition S* of lowest cardinality, it suffices to add a term The optimal coalition of lowest cardinality S* is obtained by resolution of problem (P'). In the sequel, this coalition is supposed not empty. Accordingly, the maximal value function of the TU-game is supposed strictly positive. To allocate payoffs among coalition partners, consider the dual of
The coefficient of variable r z in the objective function is the quantity of resource r available for production if coalition S is selected:
It can be noted that the set of constraints of ( S D ) is the same for any coalition S. And since the optimal dual variables ) ( * S z r can be interpreted as shadow prices for resources, they determine a vector of payoffs, the so-called "Owen set" for this TU-game, which is optimal in the context of a purely competitive economy (Van Gellekom et al. 2000) . Consider the optimal solution (S*, y*) of problem (P). The Owen set, which is here the purely competitive payoff profile *) ( * S u u = , is obtained from the solution (w S *, z*(S*)) of 
It is clear that the payoff of each player equals the value of his resource bundle under the shadow price. Moreover, it has been shown in (Owen, 1975 ) that this vector of payoffs forms a subset of the core in this production game.
Property 3
The feasible payoff profile relations (13) belongs to the core of the Linear Production Game.
However, it will be shown that the Owen set assignment has some drawbacks, in particular a lack of fairness that may induce a corresponding lack of stability against objections to coalition S*.
Shortcomings of Owen set as a game-theoretical solution rule
The solution rule proposed by (Owen 1975) and called the Owen set, belongs to the core of the Linear Production Game. It is known that the core is a subset of every stable set. So is the Owen set, which is a subset of the core. However, the core is not necessarily a stable set, and even when it is a stable set, this does not imply stability of the Owen set. In addition to its possible lack of coalitional stability, the Owen set defined by (11) can also be seen in some cases as an unfair allocation rule, as defined in section 2, by not rewarding some resources used in the production process.
These drawbacks mainly arise from the fact that resources in excess at the optimal solution have null shadow prices. Therefore, the owners of such resources are not paid for providing them and their incentive to stay in the coalition can only rely on the rewards from the critical resources which they own, if they own any. Thus, the commitment of a partner only possessing resources which are marginally in excess, may be unstable. He is a Null Payoff Player (NPP): his imputation is null although part of his resources contribute to the global value function. These shortcomings are illustrated by the following example.
Example
Consider the BOM of the example in (Hennet 03) with two final products (1 and 2), three intermediate products (3, 4, 5) , the unit payoff vector The associated purely competitive payoff profile (Owen set) is obtained by formula (12) 
In this solution, the endowment of partner 7 is null, because if partner 7 is in the coalition, resource 4 is in excess and its shadow price falls to 0. Yet, partner 7 is important to the coalition since for coalition { } 7 * − S , the total payoff drops down to 54.68! Its individual marginal contribution in S* is:
The property of not assigning any payoff to the players with resources in excess is inherent in the "Owen set" since this solution rule derives from the duality principle in Linear Programming. In duality theory, a shadow price indicates the value of one additional unit of the resource associated with the corresponding primal constraint. Thus if a dual variable is equal to zero (z r * = 0), this means that the addition of one unit of resource r has no effect on the optimal objective function. Hence the allocations based on the values of optimal dual variables exhibit this property: the players with scarce resources share the total worth of the coalition among them, and the players with excess resources get a null payoff.
In light of these shortcomings, the Owen set allocation rule may become unfair and critically unstable because the players with excess resources are indifferent between participating or not.
AN IMPROVED LINEAR PRODUCTION FORMULATION
With respect to the Linear Production Game, the main improvement which appears necessary is to better represent resource capacity constraints. It is a well-established property, known as Little's law in queuing theory, that lead times increase proportionally to WIP (Work In Process). And it is also well established that WIP generates holding costs and should be kept as small as possible. Then, as shown in (Asmundsson et al., 2002) , the throughput of a resource should actually be represented as a non linear concave function of its desired throughput, called a clearing function. It can be approximated by a set of linear constraints. Fig.1 A simple piecewise linear clearing function
Desired throughput
The simplest type of piecewise linear clearing functions is represented on Fig. 1 .
To preserve the sharing of resources, which is a key performance advantage of coalitions with respect to individual firms, clearing functions are applied globally to each aggregated resource of types r,
. For any coalition S, the available quantity of resource r has been defined in (11) The use of the nonlinear clearing function has improved the stability of coalition S* by rewarding each player in the optimal coalition with a strictly positive endowment.
CONCLUSIONS
In this study, we have analyzed the problem of supply chain design through cooperative game approach. For this purpose, a supply chain has been modelled as a coalition of partners pooling their resources and sharing the same payoff function. Indeed, we make use of linear programming theory to generate the maximal profit and the optimal coalition. In addition, we have characterized the "Owen set" allocation method and shown that it may become unfair and cause the coalition stability to be insufficiently robust. This behaviour directly derives from the use of linear programming duality theory to determine the payoff of each player. According to this method, each partner receives a profit that equals the value of his resource bundle under the shadow price. In order to ensure that the total payoff is better shared by all the coalition partners, we have proposed to modify the formulation of the production game by introducing piecewise linear clearing functions to better represent resource capacity constraints. By appropriately tuning the clearing function parameters, the coalition stability has been improved through insuring that all the coalition partners receive a strictly positive imputation.
